The Garabedian-Korn airfoil is studied at its inviscid design condition and in the neighborhood thereof. This airfoil was designed with a hodograph method to be shock-free at M = 0.750 and C l = 0.629. However, computational fluid dynamics results show a double-shock pattern appear at this design point as the resolution of the grid is enhanced. A survey of flow conditions in the vicinity of the design point has yielded another condition of interest. At this condition of M = 0.751 and C l = 0.625, the Garabedian-Korn airfoil becomes shock-free. The work presented herein verifies that the flow remains shock free through rigorous mesh refinements. Grids utilized are high-quality analytically-generated O-meshes comprised of aspect-ratio-one cells and range in size from 16, 384 to 16, 777, 216 quadrilateral elements. Flow solutions on sequences of meshes are post-processed to establish grid-converged force and moment values, as well as to provide an estimate on the order-of-accuracy of two widely-used computational fluid dynamics methods. 
I. Introduction
In a recent paper, Vassberg & Jameson 1 presented studies of the asymptotic convergence with extreme mesh refinement for inviscid subsonic and transonic flows of several widely-used computational fluid dynamics (CFD) methods. These were the NASA Overflow 2 and CFL3D 3 codes and Jameson's FLO82 4 method. The studies were performed for the NACA0012 airfoil extended to a closed trailing edge on extremely-smooth analytically-generated O-meshes comprised of aspect-ratio-one cells.
Since the codes are nominally second-order accurate in smooth regions of the flow, it was anticipated that the asympototic convergence rate should be second order for subsonic flows. However, the algorithms implemented in these codes fall back to first-order accuracy due to flux limiters when they are applied to numerically capturing shock waves. In fact it turned out second-order convergence could be obtained for both nonlifting and lifting subsonic flows with proper treatment of the wall and farfield boundary conditions, including a vortex term in the farfield. In transonic flows, second-order convergence on C d was observed for the nonlifting case, but only first-order accuracy was seen for C l , C d and C m for the lifting case.
A principal objective of this study is to find out whether contamination due to shock waves reduces the asymptotic convergence of global quantities such as lift, drag and pitching-moment coefficients (C l , C d & C m ) to first order for transonic flows.
In the present work, we examine the asymptotic behavior of transonic flows past a shock-free airfoil. The first question to be addressed is whether airfoils designed to be shock-free are actually shock-free in the asymptotic limit. The second question to be addressed is whether second-order convergence can be recovered in lifting transonic flows in the absence of contamination by shock waves.
Our study is focused on the well known Garabedian-Korn 5 airfoil which was designed to be shock-free at M = 0.750 and C l = 0.629. It turns out that it is not shock-free when the mesh is sufficiently refined; this has been observed by many researchers. However, an intensive search has revealed it is shock-free at the slightly-higher Mach and slightly-lower lift condition of M = 0.751 and C l = 0.625. This paper is organized in the following manner. Section II provides a description of the Garabedian-Korn airfoil geometry. Section III provides the results of the study. Section IV summarizes our conclusions. For reference, an appendix is included that tabulates the detailed coordinates of the Garabedian-Korn airfoil. Tables of data are embedded within the text, while all figures are appended to the end of the paper.
II. Garabedien-Korn Airfoil
This section provides a description of the shock-free airfoil utilized in this study. The Garabedian-Korn airfoil was developed in the early 1970's using the hodograph method. Unfortunately, as originally published, 5 the coordinates of this airfoil (designated 75-06-12) include a small discontinuity at the sonic line. However, from the original hodograph results, very accurate values for surface slope and arc-length are available. In order to fix the discontinuity defect, new coordinates of the airfoil have been reconstructed using a conformal mapping based on surface slope and arc-length. The reconstructed contour was then nondimensionalized by its maximum-length chordline and rotated to place the true leading-edge point at the origin and the trailing-edge point at (X T E , Y T E ) = (1.0, 0.0). For reference, a high-definition tabulation of these improved coordinates are included in the appendix of this paper. Table I includes some pertinent geometric characteristics of the Garabedian-Korn airfoil. Here, ρ LE is the LE radius, τ is the TE included angle, and TE-Slope is the slope of the camber-line at the TE. Also, t max is the maximum thickness of the airfoil, located at x tmax , and c max the maximum camber, occuring at x cmax . Note that the Garabedian-Korn airfoil is about 11.6% thick, has almost 2% camber, and incorporates a cusped TE since τ = 0
• . 
III. Results
In the present work, we examine the asymptotic behavior of transonic flows past the Garabedian-Korn shock-free airfoil. The first question addressed is whether airfoils designed to be shock-free are actually shock-free in the asymptotic limit. The second question addressed is whether second-order convergence can be recovered in transonic lifting flows in the absence of contamination by shock waves.
The Garabedian-Korn airfoil was designed to be shock-free at M = 0.750 and C l = 0.629. In fact it is not shock-free when the mesh is sufficiently refined, as indicated below. However, a search has revealed it is shock-free a the slightly-higher Mach and slightly-lower lift condition of M = 0.751 and C l = 0.625.
The 2D grids utilized in this study are consistent with the O-meshes of Vassberg & Jameson.
1 These highquality analytically-generated grids are comprised of aspect-ratio-one cells. The circular farfield boundary resides at about 150 chordlengths from the airfoil. Figure 1 is a near-field view of a (128x128)-cell O-mesh. Close-up views of the LE and TE regions of this mesh are provided in Figure 2 . To give the reader with an appreciation of how extreme our mesh-refinement studies are, we note that our finest mesh inserts 1,024 cells into each cell of the mesh depicted in Figures 1-2 .
Results for the two flow conditions of interest are discussed in the following two subsections.
The design point for the Garabedian-Korn airfoil is reviewed in this subsection. Since most of the remaining figures are of the same class, a brief description of these is in order. Refer to Figure 3 . The left-hand-side of this figure provides the pressure distribution at the airfoil surface; its legend tabulates flow conditions, force and moment coefficients, grid size and convergence properties. Here, RED is the reduction of residuals in orders-of-magnitude. The right-hand-side depicts Mach contours in the near-field surrounding the airfoil; its legend indicates the minimum and maximum values of Mach number in the discrete solution, as well as the ∆M between contours. The bold contour always represents the sonic line; keying off of this contour and knowing ∆M , one can surmise the level-set of other contours. Figures 3-6 illustrate the progression of FLO82 solutions on a sequence of meshes, starting with a resolution of (128x128) cells and completing with a robustly-fine mesh of (1024x1024) elements. Note that the flow appears to be shock-free on the O-mesh of (128x128) cells, depicted in Figure 3 . However, as the mesh is continually refined, the flowfield becomes characterized with a double-shock pattern that increases in strength with increasing grid resolution. This double-shock pattern is evident in both the surface pressure distributions as well as in the coalescence of Mach contours off the airfoil surface.
Corresponding results of Figures 3-6 are tabulated in Table II . Also included in this table are extrapolated estimates (N C = ∞) for α, C d and C m , as well as associated orders-of-accuracy (P ). The process used to determine limiting values and order-of-accuracy is documented in Vassberg & Jameson.
1 Note that a truly shock-free inviscid flow (exact solution) yields a drag of zero. Here, the limiting value of drag is approximately 1 count. Unexpectedly, drag and pitching-moment appear to be second-order accurate in this sequence. Figures 7-9 illustrate the progression of Overflow solutions on a sequence of meshes, starting with a resolution of (256x256) cells and completing with a robustly-fine mesh of (1024x1024) elements. This sequence holds lift constant at C l = 0.629. Note that the flow appears to be shock-free on the O-mesh of (256x256) cells, depicted in Figure 7 . However, as the mesh is refined, the flowfield becomes characterized with a double-shock pattern that increases in strength with increasing grid resolution. This double-shock pattern is evident in the coalescence of Mach contours off the airfoil surface, as shown in Figures 8-9 . Shock-Free Condition: M = 0.751, C l = 0.625
The shock-free condition for the Garabedian-Korn airfoil is reviewed in this subsection. Figures 10-15 illustrate the progression of FLO82 solutions on a sequence of meshes, starting with a resolution of (128x128) cells and completing with an extremely-fine mesh of (4096x4096) elements. Note that the flow appears to remain shock-free as the mesh is continually refined. This shock-free character is evident in both the surface pressure distributions as well as in the smooth separation of Mach contours off the airfoil surface. However, it is clear that the scheme/limiter, specifically at the sonic line, is causing the flow to become less smooth as the grid is refined. This can be seen in the surface pressure distributions, as well as in the contour of the sonic line. Aside from the immediate vicinity of the sonic line, the flowfield is otherwise well behaved.
Corresponding results of Figures 10-15 are tabulated in Table IV . Also included in this table are extrapolated estimates for α, C d and C m , as well as associated orders-of-accuracy. Again, a truly shock-free inviscid flow (exact solution) yields a drag of zero. Here, the limiting value of drag is approximately two orders-ofmagnitude smaller than that for the design point. In fact, the FLO82 computed drag levels are sufficiently small that they confirm that this is a shock-free condition for the Garabedian-Korn airfoil. This set of data also answers our second question regarding the order-of-accuracy of FLO82 for transonic flows that are not contaminated with shock waves. For transonic lifting flows void of shock waves, the H-CUSP scheme of FLO82 is only first-order accurate.
The calculations have been performed with a version of FLO82 which uses the H-CUSP scheme.
6 This scheme captures stationary shocks with a single interior point, like the Roe scheme.
7 However, flux formulas are not smooth across sonic lines. Moreover, oscillations in the neighborhood of shock waves are prevented by a limiter which reduces the scheme to its first-order-accurate form at non-smooth extrema, and this limiter also distracts from the smoothness of the scheme. It is conjectured that the first-order-accurate asymptotic convergence may be a consequence of this lack of smoothness in the discretization formulas. (256x256), (512x512) and (1024x1024) cells, respectively. Note that the flow appears to remain shock-free, no matter the mesh; the Mach contours do not coalesce in the field. These results further verify that the Garabedian-Korn airfoil is shock-free at this flow condition. Table V tabulates the complete set of results of this grid-convergence study using Overflow, holding lift constant, on the sequence of three meshes. Again, the limiting value of α is higher for the Overflow calculations than it is for those of FLO82. Note that the limiting value of drag for Overflow is about 2.6 counts. Since Overflow does not include the point-vortex terms in the farfield boundary conditions, a spurious farfield drag is present for 2D lifting flows. This phenomenon has been studied extensively by Destarac.
8 It appears, however, that Overflow does exhibit second-order-accurate convergence to the shock-free solution. 
IV. Conclusions
The authors examine the asymptotic behavior of transonic flows past the Garabedian-Korn shock-free airfoil in order to answer two questions. The first question addressed is whether airfoils designed to be shock-free are actually shock-free in the asymptotic limit. At its design point, the Garabedian-Korn airfoil is in fact not shock-free. However, it is found to be shock-free at another flow condition in the neighborhood of its design point. The work presented herein verifies that the flow remains shock-free through a rigorous mesh refinement. The grid-sequence utilized is a set of high-quality O-meshes comprised of aspect-ratio-one cells and range in size from 16, 384 to 16, 777, 216 quadrilateral elements. The second question addressed is whether second-order convergence can be recovered in transonic lifting flows in the absence of contamination by shock waves. While our results are somewhat mixed in this regard, Overflow did recover second-orderaccurate grid-convergence under these conditions, whereas the H-CUSP scheme of FLO82 did not. Somewhat unexpected, both CFD methods exhibited second-order accuracy for drag and pitching-moment at the design point, characterized with a double shock. 
Appendix: Garabedian-Korn Airfoil Coordinates

